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We study the model on phylogenetic trees in which each node is a binary, observable

random variable Yi and the transition probabilities are given by the same matrix A =
( a00 a01

a10 a11 ) on each edge. We write the joint probabilities as pσ1σ2...σn := P (Y = σ). Let ρ(i)
denote the parent of node i in the tree.

The homogeneous Markov model is a fundamental model for statistics. We believe that
an understanding of the homogeneous model will lead to more general results. For example,
by adding nodes to subdivide edges, we can think of the homogeneous model as a discrete
approximation to a continuous Markov model. We are interested in two questions from [4]
that are of fundamental importance to the use of statistical models in biology.

1. Given observations σ = (σ1, . . . , σn), describe the set of parameters aij such that pσ

is maximal among the coordinates of p.

2. Which (parameter independent) relations on the probabilities p(Y = σ) does the
model imply?

Problem 1 has been studied in [3, 6] and shown to be of importance for sequence alignment
problems. To solve Problem 1, first we write the joint probabilities in terms of the parameters
a00, a01, a10, a11

pσ1σ2...σn = aσρ(2)σ2aσρ(3)σ3 . . . aσρ(n)σn .

That is, the probability of observing σ is the product of the aij that correspond to the tran-
sitions on the edges of the tree. Next, transform to logarithmic coordinates bij = − log(aij).
The condition that pσ1...σn is maximal among the coordinates of p becomes the linear system
of inequalities

bσρ(2)σ2 + · · ·+ bσρ(n)σn ≥ blρ(2)l2 + · · ·+ blρ(n)ln for all (l1, . . . ln) ∈ {0, 1}n.

The set of solutions to these inequalities forms a polyhedral cone. If the cone is full dimen-
sional, then σ1, . . . , σn is the most likely observation for some choice of the parameters. Such
a sequence is called a Viterbi sequence. The collection of the cones of all Viterbi sequences
is the normal fan of the Viterbi polytope, PT . This polytope is three-dimensional and has
one vertex for every Viterbi sequence. Given this polytope, we can quickly solve Problem 1
for any σ1, . . . , σn. Our main result is an explicit description of the polytope for a class of
binary trees. For an example, see Figure 1.

Theorem 1 If T is a binary tree with n > 3 nodes in which all leaves are an odd distance
from the root, then there are exactly 8 Viterbi sequences. Furthermore, the polytope PT has
the same combinatorial structure for all such trees.

Problem 2 is solved by computing the ideal of polynomial invariants among the proba-
bilities pσ1...σn . The invariants vanish for a given distribution (pi1...in) essentially when that
distribution comes from our model. Therefore, invariants have been used in phylogenetics to
identify good trees for aligned sequences, see [1, 2]. In the observed, homogeneous Markov
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model, the invariants can be computed using the theory of Gröbner bases of toric ideals
(see [5]). We are able to calculate the ideal of invariants for trees with 11 nodes. These are
computations in 2048 indeterminants, which we believe to be the largest number of indeter-
minants ever in a Gröbner basis calculation. We conjecture that binary trees require only
linear and quadratic generators for the ideal of invariants.

Example 1 Let T be the path with 4 nodes. Then the ideal of invariants has 32 minimal
generators. Four generators are linear (e.g., p0100 − p0010), twenty-four are quadratic (e.g.,
p0001 · p0010 − p0000 · p0101), and four are cubic (e.g., p1000 · p1100 · p1111 − p0000 · p2

1110). We
believe that the ideal of invariants of a path is always generated by these three types of
relations.
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Figure 1: Let T be the pictured tree with 15 nodes. By Theorem 1, since all leaves are at an odd
distance from the root, exactly 8 of the 215 = 32768 possible observations are Viterbi sequences and
therefore the polytope PT has 8 vertices. The polytope is displayed with the x-coordinate counting
0→ 0 transitions, the y-coordinate counting 0→ 1 transitions and the z-coordinate counting 1→ 0
transitions. For example, the front left vertex (14, 0, 0) corresponds to the all zero observation, which
is Viterbi sequence with the parameters a00 = 1, a01 = 0, a10 = 1, a11 = 0.
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